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Abstract

Classical separation properties, including regularity and normality, have been widely studied within the
framework of commutative Banach algebras and function algebras. In this paper, we extend these
investigations to Cartesian products of function algebras by considering their generalized forms:
approximate regularity, approximate normality, and weak regularity. We examine the interrelations
among these properties and establish conditions characterizing their validity in the product setting.
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1. Introduction

Various separation axioms are well studied in Topology. For a function algebra on a compact Hausdorff
space X,, the space X; enjoys strong separation properties mainly due to the Urysohn’s lemma. These
topological properties extend naturally to function algebras and, more generally, to commutative Banach
algebras. If A; is a function algebra on X;, it may also be regarded as a function algebra on A(4,), its
maximal ideal space. Thus, these properties can be considered on either X; or A(A4;).

Weaker analogues of these notions, namely approximate regularity, approximate normality, and weak
regularity, have also been introduced to extend the separation framework to function algebras. Here we
investigate these properties for the Cartesian product of function algebras.

Let A; and A, be function algebras on compact Hausdorff spaces X; and X, respectively. Then with
coordinate wise operations A; X A, is a function algebra on the topological sum X; + X, with respect to
the norm ||(fi, f2)Il = max{||fille, llf2ll}, Where f; € A;, f, € A, [8]. Note that X; + X, is the
topological space X; U X, with the sum topology. Nirav Shah et. al. establishes that A(4A; X 4;) =
A(A,) + A(A,) with the Gelfand topology, where A(A;) denotes the maximal ideal space of 4, [11].
Note that if @ € A(A; X A;), then @ = @4, € A(Ay) OF @ = @4, € A(A;) Where @, and @,, are
defined as @, (f1) = ©(f1,0), V fi € Ay and @4,(f2) = ©(f2,0),V f, € A, . On the other hand, if

Pa, €B(A)) (@a, €D(A2)), then @ € A4y X 4,) s defined as @(fy, £2) = a, (1) (@(fi, f2) =
©4,(f2)) . V(f1, f2) € A; X A,. The Cartesian product of regular commutative Banach algebras with
identity is examined in [13].
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Throughout the paper, unless specified otherwise, A; and A, will be regarded as function algebras on
compact Hausdorff spaces X; and X, respectively.

2. Approximate Separation: Regularity and Normality
This section is devoted to the study of approximate regularity and approximate normality for the
Cartesian products of function algebras. The concepts were first introduced by Wilken [14].

Definitions 2.1. Let A; be a function algebra on X;. Then

(1) A, is said to be approximately regular on A(A;), if for each closed subset E of A(4,), @ €
A(A)\ Eand e > 0, there exists f; € A, such that f;(¢) = 1 and ||f;]|z < €.

(2) A;is said to be approximately normal on A(A4,), if for each disjoint pair of closed subsets E; and
E, of A(A;), and € > 0, there exists f; € Ay such that [|fi]lz, < eand |1 — fillg, < €.

Both of the above notions can equally be formulated on Xj;.

Remarks 2.2. (1) It is evident that regularity entails approximate regularity, and normality entails
approximate normality; however, the converse of these implications does not hold. [ Example 2.4 (2)].
(2) For a function algebra A, approximate normality and approximate regularity are equivalent on
A(A;), [14]. But this equivalence does not hold when considered on X;. [Example 2.4 (3)].

Following are some interesting results about these separation axioms [7, 14].

Properties 2.3. (1) If ch(4;) = X;, then A; is approximately regular on X;, where ch(4,) is the
Choquet boundary of A;. Hence every URM (unique representing measure) algebra [9] is approximately
regular.

(2) Let A, be approximately regular or approximately normal function algebra on X;. ThenT'(4,) = X;,
where I'(4,) is the Silov boundary of 4.

(3) If A; is maximal on X;, then A; is approximately regular on X;.

(4) Every Dirichlet algebra is approximately normal. However, logmodular algebra may not be
approximately normal [Example 2.4 (3)].

(5) If X, is a compact totally disconnected space, then C(X;) is the only approximately normal function
algebra on X;. But the result is not true for approximately regular algebras [Example 2.4 (3)].

(6) Let A be an approximately normal function algebra on X; and let {C,} be the family of components
of X;. Thenif f; € C(X;) and fllca € Allca , Va, then f; € A;.

Examples 2.4. (1) A, = A(D), the disk algebra on the unit disk D, has none of the above separation
properties,asT'(4;) = ' & D = X;, where I'is the unit circle.

(2) Consider the disk algebra on the circle I', A(I"). We know that A(T") is a Dirichlet algebra onT.
Hence A(T) is approximately normal on I'. Also A(T") is approximately regular on I" as ch(A(T")) =
I' = X; . But A(T) is not regular and hence not normal.

(3) Let H*(m) be the subalgebra of L*(m) on the unit circle I" consisting of all functions with negative
Fourier coefficients zero. Then H*(m) is a logmodular algebra on X; = A(L*(m)) [2]. Hence it is
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approximately regular. But A(L*(m)) being totally disconnected, H* (m) is not approximately normal
on X;.
(4) The standard example of fiber algebra (regular but not normal) is in fact, not approximately normal

[7]1.

We now examine how the concepts of approximate regularity and approximate normality extend to
Cartesian products of function algebras.

Theorem 2.5. A; X A, is approximately regular on A(4; X A,) if and only if A; and A, are
approximately regular on A(A;) and A(A4,), respectively.

Proof. Suppose A; and A, are approximately regular on A(A4;) and A(A,) respectively. Let F be a
closed subset of A(A; X 4,), @ € A(4A; X A,)\Fand € > 0. Since A(4; X 4,) = A(4;) + A(4y),
either ¢ € A(A;) or @ € A(4,). Also, for F c A(A; X A,) we have three cases. First, we take ¢ €
A(A;) along with all these cases. First letF < A(A4;), then since A, is approximately regular, 3 f; €
A; such that fi(¢) =1 and ||fi|lr <€. Then g = (f,,0) € A; X A, withg(¢) = fi(¢) =1 and
Igllr = lIfillr < €. Similarly, if F n A(4;) # @ # F n A(4,), then also g = (f,,0) € A; X 4,,
where f; is such that f;(¢) = 1 and ||fillrnaca,) < €, is the required function. Finally, if F ¢ A(4,),
then the function g = (1,0) of A; X A, fulfills the requirements.

Similarly, we get g € A; X A, satisfying the properties of approximate regularity in each case of F with
@ € A(A,), using approximate regularity of A,. Thus A; X A, is approximately regular on A(4; X A4,).

Conversely, assume that A; X A, is approximately regular on A(4; X A,). We shall show that A, is
approximately regular on A(A,). Let F be a closed subset of A(4;), @4, € A(A;)\Fand € > 0.
Clearly, F is a closed subset of A(4; x A;) and @4, € A(A; X A;)\ F. Since A; X A,is approximately

reqular, 3g = (f1, f2) € A; X A, such that g(cpAl) = 1land ||g|lr < €. Since @,, € A(A;), we have

g((PAl) = E(@Al) and as F < A(Ay), lIgllr = IIf1llr. Hence ﬁ((PAl) =1 and ||fillr <e. So 4 is
approximately regular on A(A,).
Similarly, A, is approximately regular on A(A4,). m

Remarks 2.6. (1) It follows from Remark 2.2 (2) and Theorem 2.5 that A; X A, is approximately
normal on A(A; X A,) if and only if A; and A, are approximately normal on A(A;) and A(A4,)
respectively.

(2) A; x A, is approximately regular on X; + X, if and only if A; and A, are approximately regular on
A; and A, respectively. Also, by direct method we can show that A; x A, is approximately normal on
X; + X, ifand only if A; and A, are approximately normal on X; and X, respectively.

3. A Separation Property Weaker than Regularity

In this section, we consider a separation property weaker than regularity, known as weak regularity. The
notion was introduced independently by S. J. Bhatt & H. V. Dedania [1] and by J. F. Feinstein & D. W.
D. Somerset [5]. We show here that the two definitions are equivalent.
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Definitions 3.1. Let A, be a function algebra on X; with maximal ideal space A(A;). A is said to be

(1) (S-H)-weakly regular on A(A,), if given a proper closed set E in A(A,), there exists f; € A; such that
fi Z0and o(f;) =0,forallp € E, ie., 7?1|E = 0[1].

(2) (F)-weakly regular on A(A,), if every nonempty Gelfand open subset of A(4;) contains a nonempty
hull-kernel open set [5].

Note that for E © A(A;), kernel of the set E is defined as k(E) = {f,€ Al:flw = 0}. For an ideal |
of A;, the hull of ideal is defined ash(I) = {¢ € A(4,), : | € ker}. The topology on
A(A,) determined by the closure operationE — E = h(k(E)), E c A(4,), is called the hull-kernel
topology on A(A;) [5]. Itis denoted by r,‘f,;.

Proposition 3.2. A function algebra A; is (S-H)-weakly regular on A(A4;) if and only if it is (Fe)-weakly
regular on A(4,).

Proof. Suppose A; is (S-H)-weakly regular on A(A,). Let G be a proper nonempty Gelfand open subset
of A(A,). Consider G¢ = E. Then E is a proper Gelfand closed subset of A(4;). So 3 f; € A, such that
fllE = 0and f; 0. Since f; £ 0, f;(¢) # 0, for some ¢ € A(4;) \E = G. Since fllE = 0, f,€

k(E) and since F, (@) # 0, @ & h(k(E)).So ¢ € (h(k(E)))c = H (Say). Note that H is a Hull-kernel

open subset of A(A;). AsE c h(k(E)),H c E¢ = G. Thus, every nonempty Gelfand open subset of
A(A,) contains a nonempty hull-kernel open subset of A(A,). Therefore A, is (Fe)-weakly regular on
A(Ay).

Conversely, suppose that A, is (Fe)-weakly regular on A(A,). Let F < A(4,) be a Gelfand closed subset.
Then G = F€is a Gelfand open subset of A(A,). So there exists a nonempty hull-kernel open subset H

of A(Ay) such that H < G. Since H® = E is hull-kernel closed set, E = h(k(E)) & A(A;). Therefore 3
@ € A(A,) such that ¢ € h(k(E)). Therefore, there exists f; € k(E) such that @(f;) = fi(¢) # 0.
Thus ﬁ|E =0butf, 0. Since F=G°cH=E, fllF = 0. So 4, is (S-H)-weakly regular on
A(A,). [

The notions of (S—H)-weak regularity and (Fe)-weak regularity can also be formulated on X; by
considering appropriate topologies. Employing arguments analogous to those used previously, one
readily verifies that the two definitions are equivalent. Furthermore, the same proposition remains valid
when A; is a Banach algebra.

Remarks 3.3. (1) If A; is a weakly regular function algebra on A(A,), thenT'(4;) = A(4,).

(2) Every regular function algebra is weakly regular.

(3) The ‘Tomato-can algebra’ is weakly regular [5, 12], but not approximately regular and hence not
regular.
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(4) Approximate regularity and weak regularity are independent concepts as the tomato-can algebra is
weakly regular but not approximately regular and the disk algebra on the unit circle I' is approximately
regular on I" but not weakly regular on I".

Theorem 3.4. A; X A, is weakly regular on A(A; x A,) if and only if A; and A, are weakly regular on
A(A;) and A(A,) respectively.

Proof. Suppose A; and A, are weakly regular on A(4;) and A(A,) respectively. Let K & A(A; X A;) be
closed. Suppose K N A(4;) # @ # K n A(4;). Then K n A(4;) and K n A(A4,) are proper closed
subsets of A(A4;) and A(A4,) respectively. Since A, and A, are weakly regular, there exist f; € A, and

f, € Aysuch that f; £ 0, f, £ 0, ﬁ|KnA(A1) = 0and ﬁ|KnA(A2) = 0. Consider h = (fi, f;). Thenh
€ A; XA, h£0and hg = 0.

If K& A(A)) (or K< A(A,)) is closed, then h = (f;,0) € A; XA, (h = (0,f,) € A; X Ay)
suffices the purpose.

If K =A4(A4;),thenh = (0,1) € A; X A, and if K = A(4,),, then h = (1,0) € A; X A, suffices the
purpose. Hence A; X A, is weakly regular on A(A; X 4,).

Conversely, suppose that A; x A, is weakly regular on A(4; X A;). We shall show that A; is weakly
regular on A(4,). Let K & A(A;) be a closed set. Then it is clear that K U A(A,) & A(A; X A,) is
also a closed set. Since A; X A, is weakly regular, 3 h = (fy,f;) € A; X A, such that quUMAz) = 0.
Then ]?1|1< = 0 and leA(Az) = 0. Since , = 0on 4(4,), f, = 0. Since h Z 0 we must have f; Z 0.
So A; is weakly regular on A(A;). Similarly, A, is weakly regular on 4(4,). =

The above theorem can also be established by employing the definition introduced by Feinstein and
Somerset together with the following theorem.

Theorem 3.5. [11] Let r,f,@ and r,f; be hull-kernel topologies on 4(A4,) and A(A,) respectively. Let
r,f,iXAz be the hull-kernel topology on A(A4; X A,) and t be the sum topology on A(A; X A;) induced
by T/t and /2. Then 1% = 1,

Proof. In order to prove the theorem, one should prove the following.

() k(E U F) = k(E) X k(F),whereE c A(A;), F c A(A)).

(2) h(I x J) = h(I) U h(J),where I and ] are proper ideals of A; and A, respectively.

Conclusion

The Cartesian product of function algebras retains approximate regularity, approximate normality, and
weak regularity whenever both component algebras possess the respective property.
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