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Abstract

This paper introduces a generalization of the Aboodh-Stieltjes transform in the distributional sense.
Suitable testing function spaces are constructed using the Gelfand—Shilov technique to provide a rigorous
framework for defining the transform on distributions. Fundamental properties of the generalized
Aboodh-Stieltjes transform are investigated, and an analyticity theorem is established to describe its
analytical behavior in the transform domain. The proposed approach extends the classical Aboodh—
Stieltjes transform and provides a useful framework for the analysis of generalized functions and related
operational problems.
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1. Introduction

In mathematical sciences, a transformation is a mathematical tool used to convert a function f(z) into
another function in a new variable, generally denoted by F(s). Integral transforms have been successfully
used for nearly two centuries in solving various problems arising in applied mathematics, mathematical
physics, and engineering sciences [1].

The Aboodh transform is an integral transform introduced by Khalid Aboodh in 2013. It was derived from
the classical Fourier integral with the aim of simplifying the process of solving ordinary and partial
differential equations in the time domain [2].

T. J. Stieltjes (1856-1894) introduced the Stieltjes transform during his studies on continued fractions.
The Stieltjes transform is a generalization of the Riemann integral that allows integration with respect to
a function of bounded variation and has important applications in functional analysis [3], [4].

In the present work, we combine the Aboodh transform and the Stieltjes transform with the help of a
suitable kernel to formulate a new integral transform, called the Aboodh—Stieltjes Transform. This paper
introduces the Aboodh-Stieltjes transform together with its definition and analytical structure in the
generalized distributional sense [5].

The paper is organized as follows:
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1. Definition of the Aboodh-Stieltjes Transform.

2. Testing Function Spaces.

3. Definition of Distributional Generalized Aboodh-Stieltjes Transform.
4. Proof of the Analyticity Theorem.

5. Conclusion.

The notations and terminologies used throughout this paper are adopted from Zemanian [6], [7].
2. Definitions

The Aboodh Transform with parameter ‘s’ of the function f(t) is denoted by A[f(t)] = F(s) and is given by

A[f()] =F(s) = %fow(e)‘“ f(t)dt  for a parameter s > 0. (2.1)
The Stieltjes Transform with parameter ‘y’ of the function f(x) is denoted by

S[F)]=F@) = [(x+y)7P f(x)dx for parameter y > 0. (2.2)
The conventional Aboodh- Stieltjes Transform is defined as

AS{(f(6, 0} = F(s,9) = < [ [y e (x + ) Pf(¢t, x)dtdx (2.3)

Where, K(t,x) = ie‘“(x +y)P
3. Testing Function Spaces

3.1 The Space AS:
Let I be the open set in R+ X R+ and E+ denotes the class of infinitely differentiable function defined on I,
then the space AS« is given by

ASoc = {Q) : Q) € E+|Ya,b,p,l,q®(t: X) = Sulllea,b (t)(l + X)ng (XDx)qQ)(t' X)I < < CplqAaaaoc}
For eachp,l,q=0,1,2,3,...
Where the constants A and Ciq depends on the testing function @(t, x).

e, 0<t<o
Also where, K, ,(t ={ ’ -
an(6) et —o<t<0

3.2 The Space ASg :
Let I be the open set in R+ x R+ and E+ denotes the class of infinitely differentiable function defined on I,
then the space ASg is given by

ASg={0: D€ Eil04pp1aBtX) = ocect|Kap(®)(1+ x)PDE (xD)1B(t,X)| < Copg B}

0<x<00
Foreacha, p,q=0,1,2.3,...
Where the constants B and Capq depends on the testing function @(t, x).

3.3 The Space AS"
Let I be the open set in R+ x R+ and E+ denotes the class of infinitely differentiable function defined on I,

then the space ASf is given by,
Asg ={0: Q€ E+|pa,b,p,l,q®(t: X)
= "PIKp (D) (1 + x)PD} (xD)19(t,x)| < CA®a®B'1F}

AIJFR26057623 Volume 7, Issue 5 (September-October 2026) 2


http://www.aijfr.com/

Advanced International Journal for Research (AIJFR)
E-ISSN: 3048-7641 e Website: www.aijffr.com e Email: editor@aijfr.com

where a, 1=1,2,3,...
Also where the constants A, B and C depends on the testing function @(t, x).
This space is the combination of above two spaces.

4. Distributional Generalized Aboodh-Stieltjes Transform

For f(t,x) € ASZ‘8 , Where AS(}B is the dual space of ASf . It contains all distributions of compact support
and let @(t, x) € ASf .

Then the Distributional Aboodh-Stieltjes Transform is a function of f (¢, x) is defined as

AS{f(£,20} = F(s,y) = (f(t,x),7 e (x +)7P) (4.1)
Where for each fixedt (0 <t <o), and x (0 <x < ), s >0, p > 0, the right-hand side of above equation
(4.1) has a sense as an application of f(t,x) € ASff to

ZeSt(x+y)P € ASf :

N

5. Analyticity of Distributional Aboodh-Stieltjes Transform

5.1 Theorem:

Let f(t,x) € ASQLB and it’s Aboodh-Stieltjes Transform F(s, y) is defined as
AS{f(t, )} = F(5,y) = (f(t,%),= e (x + ) P)

Then F(s, y) is analytic for some fixed s > 0, y > 0 on Qf where,

Q ={(s,y):01 <s<oy}and QO ={(5,¥):01 <y <o}

Then

() DsF(s,y) = (6, 20,{F e = 5 et} (x +)7P) (5.1)
(i) Dy F(s,) = (6,0, {2 e} (x + )77 (5.2)
Proof (i):

Let s’ be an arbitrary but fixed point in {¢. Choose the positive numbers a; , b; and r such that
0,< a1 < Res—r<Res+r< b < o,

Also, let As be a complex increment such that 0 < |As| <.

Consider for As # 0, we have

F(s+As,y)—F(s,y) o e~st _
— o — (ftx), . —x+y)7P)

+As)t

L0, e+ y) ™) — (F60, 5 )P} -

(F(t,x), 2 <= (x +y)P)

e—(s+As)t e—st

= L] Fa+n™ - (Fe0. 2 =@+

s+As S
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e (s+As)t

P, = S G = (FE0, 2 S+ )7

V(% 5 I e Y U R O
= (f(t,x), pas(t, x))
Where ,
—(5+As)t e—St
past0) = T - T )P - 2y (5.3)

To prove that, p,s(t,x) € ASﬁ we shall show that |AS| — 0,

s (t, x) converges in ASf to zero.
To proceed, let C denotes the circle with centre at ‘s’ and radius 7y ,
where0 <r <r;, <min(s—a;, b —5).
We may interchange differentiation on s with differentiation on t and by using Cauchy’s integral formula.
(=Dp)' pas(t, x)
(D (s + As)l

1 (-1)!s
N -p —(s+As)t __ —st
(x +5) s+ As S €

[ ) st
6(1)se (4 y)P

(D)} @as(t, x) = i(x +y)” p[(s + As)lmle=(s+AE _ gl-1 e—st] _ %51—1 e=St(x +y)P

ds S

Now applying Cauchy’s Integral Formula, we get
B CR O [ile_le
y 2mi €

-zt

Z]—(X+

z—S—As 2mi YC

-zt

il p|— -1 p-zt — P _—
(x + y) 27l f [z —s—As Z—S]Z dZ] (x + y) 2mi J.C (z— 5)2 dz
= —(x+y) p _f [z s—z+s+As Zl_le_thZ]—(x—i—y) p—f -zt dz
27 (z—s—As)(z-s) 2miYc (z— 5)2

-zt -zt
(x+y) ’ [Zm f [(z -s— As)(z s) ]_(x+y) . _fc (z—- 5)2 dz

2mi

= p L | 1 _ 1 -1 ,—zt
(X + y) 27T f | (z—s—As)(z-5) (z—s)z] z e " dz
= [(z—5)—(z—5-AS)] 1—1 —zt
p___ et Sl
(X + Y) 27 f (z—s—As)(z—s)Z] z € dz

(x+y) P -

21l Y¢ L(z—s—As)(z—s)?

] Zl—l e—ztdz
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Zl-1 -zt
(x+y) p_f [(z s—As)(z— s)z] dz

2mi

Now,

Df (xDx)ps(t, x) = —P( p—q)(x+y) P x4 [ [m

-1 ,-zt

| dz

= Asp(=p—q)(x+y)P7Ix1 -zt
f [(z s— As)( ] z

27l z—5)2

Now, forall z € Cand — o0 <t < o,

P Kap O+ )PP(=p — ) (x + )P0 <K

where K is constant independent of z and t.
Moreover |z—s—As|> r,—r>0and|z—s| =
C; = max {|z|""te™?t, z € C}
Consequently,
P [Kap (D (1 + x)P Df (xDx) a5 (t, )|

IA

Sup

Ko p(®)(1 + x)? ASP(_p_q)(x+y)_p_qxqf [ zi1 ezt ]dz |

2mi ¢ l(z—s—-As)(z—s)?

|Z|l—1

|z—s—As||z—s]|?

< Sup

Kap(t)(1+ X)PP(—p — ) (x + y)P~9x® B [ | ~—ldz| |

|As|
<K L omer (rl—r)(r 2 ldz]

S IASIf KCq

crnm |V

< |AS| _
f(rl_r)(r 2 |dz|, where C, = KC,;
< sl G
2m (ry—1)(r1)? 2mr
C
S |as|—2

(r1=7)(11)

The right-hand side is independent of t and converges to zero as |As| — 0.
This shows that ¢,s(t, x) converges to zero in ASf as |As| = 0.
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Proof (ii):

Let ‘y’ be an arbitrary but fixed point. Choose the real positive numbers a,, b, and h such that

01 < a, <Rey—h < Rey+h < b,< 0, .

Also, let Ay be a complex increment such that, 0 < |Ay| < h.

Consider, for Ay # 0, we write
F(s, y+Ay)-F(s, y) <f(t,

2L ey )7P)
Ay x'ay s (x y

{0, ety + ) ) = (60,5 )P} -

(F(t0, 2 S (x+9)7)

— st

T {0 S ey T - GENTD) - 0 S G

T DS Y M) T = G DT = (6D T x+))

e st e~

T DS (E) [y )P - P - 2 )P

N

= {f(t,x), @ay(t, X))

where,

1 —st _ B 3
oay(t) = () [ +y +2) 7 = x4+ P] - =
To prove that @, (t,x) € Asf :

e~

" x+y)P (5.4)

N

We shall show that |Ay| = 0, ¢a,(t,x) converges in ASf to zero.
To proceed, let C denotes the circle with centre at y and radius h, ,
where 0 < h < h; < min (y —a,, b, —y).

We may interchange differentiation on y with differentiation on x and by using Cauchy’s Integral Formula,
1 —st o
(D) 19ay (6,0) = X7 (=) [P(-P = ) (x +y +4) 770 = P(-p— )(x +
e 9 est e
WP = xS = P(op = +y) P
where P(-p-q) is polynomial in (-p-q).
Now by applying Cauchy’s Integral Formula,

(xD) @y (t, x)
_ i(){ L[ Mook,

Ay \ s 2mi z—y—Ay

c

21l zZ—y s 2mi (z —y)?

c c

1 fP(—p—q)(xH)-p-q dz]_xq et 1 fP(—p—q)(x+z)-p-q o
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- xqﬁ( _St)anf [z (y+Ay) z— y] P(= b~ q)(x+z) Pridz —

S
—st p—q
q & 1 fc P(-p—q)(x+2)~ dz

x .
s 2mi (z—y)2
= x? Z—y—z+y+Ay o a
AY( s )2m f [(z y—Ay)(z— y)] ( p q)(X+Z) dz
—st
_Lf P(-p—q)(x+2z)7P4 iz
s 2mi -C (z ¥)2

i Zm( _St) f [(z -y— Ay)(z ) (z- y)z] P(-p—q)(x +2z)"P79dz

= X9 (e ¢ _zmy—ziyrby po g
Zn'i( s ) fc (z—y-Dy)(z—y)? P( p CI)(X+Z) dz

= quy e—St ; o a
2mi ( s ) fc (z—y—Ay)(z—Y)? P(-p—q)(x+2) dz

Now,

1 Ay [e”°
(=D¢) (xDx)q(pAy(t»x) = Z_Tl'i(_s) 5

t 1
a —p— -p—q
)x ) 2=y = dy)(z-y)° Pop — )+ 2) Pz

D{(xDy) ppy (t, %)
_ i1 st Ay 24 P(-p—q@)(x +2)™P71
2mi (z—y—My)(z—-y)
Now forall z € CandO < x < oo,
P Kp (O (1 + x)Psile™stx1 | <K
where K is constant independent of z and x.
Moreover | z—y —Ay| = hy —h>0and|z—-y| =
Cy =max {|[P(—p — q)(x + 2)7P71[; z € C}
Consequently
P |Kap (D (1 + x)PDf(xDx) 9y (£, %) |

- Sup

Ay x9 s'=1e=st . p(—p—q)(x+2z)"P~4
p
Kap(®)(1 + x) — . sy

S I Kap (O 4 X sttt | B TR T
< K a1l

= léilf ¢ (hy I;gth )? ldz|

< IAylf o h)(h )2 |dz|
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Where C, = KC,

< Mo
2r -2 2T

C
< Ayl —C2
B brwersrow:

The right-hand side is independent of x and converges to zero as |Ay| — 0.
This shows that ¢,, (¢, x) converges to zero in ASf as |Ay| — 0 which ends the proof.

6. Conclusion

To develop the distributional version of the Aboodh-Stieltjes transform rigorously, appropriate testing
function spaces have been introduced using the Gelfand-Shilov technique. These spaces provide the
necessary mathematical framework for defining the action of distributions and ensure that the transform
is well-defined under suitable growth and regularity conditions. The construction of these testing spaces
IS an important aspect of the present work, as it establishes a systematic connection between the Aboodh—
Stieltjes transform and the theory of generalized functions.

In the proposed paper, the distributional Aboodh-Stieltjes transform has been investigated from the
viewpoint of Analyticity. By employing the analyticity theorem, it has been established that the transform
possesses analytic properties in its appropriate domain under the prescribed assumptions. The testing
function spaces play a crucial role in proving this result by providing the required conditions for
convergence, continuity, and differentiability of the transformed expression. Consequently, the analyticity
result demonstrates that the proposed transform is not merely a formal generalization but constitutes a
mathematically consistent integral-transform framework.
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