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Abstract

The geometry of higher-dimensional Euclidean spaces extends familiar concepts such as length, area, and
volume to arbitrary dimensions. In R, the closed n-dimensional ball of radius R is denoted by B*(R), while
its boundary is the (n—1)-dimensional sphere S'(R). This paper develops the concept of n-dimensional
hypervolume, derives the general formula for the volume of B*(R), and examines relationships among
volumes in different dimensions. Particular attention is given to recurrence relations, surface hyperarea,
asymptotic behavior, and the striking fact that the volume of the unit n-ball tends to zero as n — .
Keywords: n-ball, hypersphere, hypervolume, Gamma function, Euclidean space, recurrence relation,
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1. Introduction

Let the n-dimensional Euclidean space be defined by

R" ={(x1,X2, ., Xn) ' Xi ER }.
For a point x = (x1, Xz, ..., Xn) € R?, the Euclidean norm is

1]l = (Bi=a" %:%) 72,

The closed n-dimensional ball of radius R > 0 centered at the origin is

B*(R) ={xeR":||x|| <R}
and its boundary is the (n—1)-dimensional sphere

S"1(R)=0dB"(R) ={x€R":|x|| =R }.

We denote the n-dimensional volume of B*(R) by Vol,(B*(R)), or more compactly by V,(R). The
principal result is

Va(R) =2 R" /T(n/2 + 1).
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2. N-Dimensional Hypervolume

For low dimensions, this formula reproduces familiar geometric quantities:
Vi(R) = 2R, V,(R) =mR? V3(R)=(4/3)nR3, V,(R) = (m?/2)R%
Because dilation by a factor R multiplies n-dimensional volume by R»,
Va(R) = RV, (D).
Define the unit-ball volume constant
Wy = Vy(1).
Then
Va(R) = wpR™.

3. The Gamma Function

The Gamma function is defined for s > 0 by

o0
= f t* e tdt
0

I'(s) =f t et dt
0

It satisfies

['(s+ 1) =sI(s),
and for each positive integer m,

[(m+1)=m
A key half-integer value is

r(1/2) =vm

4. Derivation of the Volume Formula

Consider the n-dimensional Gaussian integral
I = [_{R"} e7||¥]|? dx.
Because the integrand factors into a product of one-dimensional Gaussian functions,
Ih = [Ti=" fjooo e*2dx; = (Vm)" = "2,
Evaluating the same integral in n-dimensional spherical coordinates gives
Ih=An-1(1) [oroo r" e ™2 dr.
Using the substitution u = r2, du = 2r dr,

J, r" e dr = (1/2)I'(n/2).

AIJFR26057642 Volume 7, Issue 5 (September-October 2026)


http://www.aijfr.com/

Advanced International Journal for Research (AIJFR)

E-ISSN: 3048-7641 e Website: www.aijffr.com e Email: editor@aijfr.com

Therefore,

% = (1/2)An-1 (1T (n/2),
SO

An_1(1) =212 / T(n/2).
Since An-1(r) = An-1(1)r™!, integrating from 0 to R yields
Va(R) = [20™2 /T (n/2)] [oR ™ tdr
= 2n"/?R" / [n['(n/2)].

Using I'(n/2 + 1) = (n/2)['(n/2), we obtain

Va(R) = ?R" /T(n/2 + 1).
Hence,

wn = Va(1) =12 /T(n/2 + 1).

5. Even-Dimensional Balls

Let n = 2k, where k € N. Then
Vor(R) = mR?* / T(k + 1).
Since I'(k + 1) =k!,
Vo (R) = (m*/kRZ-
Examples include
Vo(R)=mR?, V,(R)=(m?/2))R?, Vg(R)=(m3/3!)R®, Vg(R)=(m*/41)RE.

6. Odd-Dimensional Balls

Letn=2k + 1. Then
Vare1(R) = m*2R21 /T (k + 3/2).

Using

I'(k+3/2) = [(2k + D! / 25V,
we obtain

Vaors1(R) = [2K1%/(2k + 1)NRZH,
Equivalently,

Vars1(R) = [225 kI /(2k + 1)!]RZ*H,
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7. Recurrence Relation Between Dimensions

From the general formula,
Va.(R)/Vh_2(R) = R? - T'(n/2)/T(n/2 + 1).
Since I'm/2 +1)=0/2)'(n/2),
Va(R)/Va_2(R) = 2mR?/n.
Therefore,
Va(R) = (2mR?/n)Vy_>(R).
For the unit ball,

Wy = (21/N)Wy-2.

8. Consecutive-Dimension Ratio

For consecutive dimensions,
Vi1 (R)/Va(R) = VIR - T(n/2 + 1) /T((n + 3)/2).
In particular, for R =1,
Wne1/Wn = V1 -T(n/2 + 1)/T((n + 3)/2).

9. Values of the Unit n-Ball

The first several exact values are

w1=2, W,=T, w3=41/3, w,=m?/2, ws=8m?/15, we=m>/6.

Dimension n Unit-ball volume o,

1 2.0000

3.1416
3 4.1888
4 4,9348
5 5.2638
6 5.1677
7 4.7248
8 4.0587
9 3.2985
10 2.5502
12 1.3353
14 0.5993
16 0.2353
20 0.0258

The sequence increases through n = 5 and then decreases. Hence, among positive integer dimensions,
max,EN w, = ws = 8m?/15 ~ 5.2638.
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10. Surface Hyperarea

Let An-1(R) denote the (n—1)-dimensional measure of S*'(R). Since Vi(R)=w,R?, differentiation gives
A,-1(R) =dV,(R)/dR = nw,R* ™.
Substituting the formula for ®,,
An_1(R) = [nm™?/T(n/2 + 1)]R™ ™.
Using the Gamma recurrence relation,
A,_1(R) = [2m™?/T(n/2)]R™™.
Therefore,
An-1(R) = (n/R)V,(R),
or equivalently,
Va(R) = (R/n)An-1(R).

11. Asymptotic Behavior

For large z, Stirling’s approximation gives
I'(z+ 1) ~V(2nz)(z/e)%
Set z=n/2. Then
I'(n/2 + 1) ~ V() (n/2e)™2.
Therefore,
Wy ~ [1/V(mn)](2me/n)™2,
Consequently,
lim,—» o0 w, = 0.
For arbitrary R,
Va(R) ~ [1/¥/(mn)](2meR?/n)"2,

12. Comparison with the Circumscribing Hypercube

The unit ball B*(1) is contained in the hypercube [—1,1]*. The hypercube has volume
Vol,([-1,1]") = 2".
Thus the fraction occupied by the unit n-ball is
Pn = 0n/2" =1"2/[2"T(n/2 + 1)].
As n increases,

lim,—o0 p, = 0.
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13. Concentration of Volume Near the Boundary

Consider the smaller concentric ball B((1—¢)R), where 0 <& < 1. By scaling,
Va((1-8)R) = (1-£)"Va(R).
Hence the fraction of the total volume contained in the outer shell B*(R) \ B*((1—¢)R) is
[Va(R) = Va(1=&)R)]/Va(R) = 1 — (1—€)".
For fixed 0 <g <1,
lim,—o0 [1 - (1-¢)"] = 1.
Thus, in high dimensions, nearly all of the volume of a ball is concentrated close to its boundary.

14. Topological Interpretation

The standard closed n-ball and its boundary are
B"={xeR":|x|| <1}, dB"=S""1
Topologically, B® is contractible, so
B" = {0},

where =~ denotes homotopy equivalence. By contrast, S*! is generally not contractible. Low-
dimensional examples are

S%={—1,1}, S'={xER? x,°+x,°=1},
SZ={x€R3: X, *+x,°+x5°=1},
S3={xER™: X, *+x, 2 +x3°+x,*=1}.
Hypervolume depends on the Euclidean metric and is not a topological invariant. Nevertheless, balls and

spheres are fundamental objects in topology, algebraic topology, differential geometry, and manifold
theory.

15. Scaling Relations

For every scalar A > 0,
Va.(AR) = A"V, (R),
and similarly
An_1(AR) =A"'A,_;(R).
In particular, doubling the radius gives
Va(2R) = 2"V, (R).
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16. Principal Identities
Va(R) = T™2R" /T(n/2 + 1)
wn =12 /T(n/2 + 1)
Vak(R) = (t*/Kk!)R?*
Vars1(R) = [2K1%/(2k + 1)!1]RZK+?
Va(R) = (2mR?/n)Vy_»(R)
An-1(R) = [2n"?/T(n/2)]R"
An-1(R) = (n/R)Va(R)
wy ~ [1/¥(m)](2me/n)™? asn —

17. Conclusion

The geometry of n-dimensional balls and spheres provides a natural extension of ordinary Euclidean
geometry. The n-dimensional ball B*(R) has volume

Vo(R) =?R™ /T(n/2 + 1),

while its boundary S*'(R) has surface hyperarea

An-1(R) = [2m™?/T(n/2)]R™ .
The recurrence relation

Va(R) = (21R%/n)V,(R)
provides a direct relationship between dimensions differing by two. The asymptotic identity
lim,—oo V(1) =0

shows that the unit n-ball becomes arbitrarily small in hypervolume as dimension increases, while the
proportion of its volume near the boundary approaches one. These results illustrate the distinctive

character of high-dimensional geometry and its connections to topology, analysis, probability, statistics,
optimization, and mathematical physics.
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