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Abstract

Aggregation operator is one of most crucial processes for combining fuzzy sets that incorporate
results of each rule into single fuzzy set. In this paper, a novel category of fuzzy aggregation operators in
pentagonal fuzzy numbers (PFNs) was developed. We concentrate in this paper on weighted aggregation
operators because we find out the exact numbers while using the uncertainty in a fuzzy environment. And,
also the aggregation results are obtained by using the notation of triangular norms as pseudo arithmetic
operations (t-norms and t-conorms). Furthermore, we obtain a consequence for pentagonal fuzzy t-norm
weighted arithmetic and pentagonal fuzzy t-norm ordered weighted arithmetic. We examine these
operator’s primary characteristics and compare them to those that exist already. This fuzzy aggregation
operator offers novel and intriguing situations in addition to covering a diverse array of beneficial pre-
existing fuzzy aggregation operators. Finally, we apply the weighted aggregation procedures that have
been shown in the numerical example for the best student performance selection strategies for pentagonal
fuzzy numbers.

Keywords: Fuzzy numbers, Pentagonal fuzzy number, Fuzzy triangular norms (t-norms and t-conorms),
Fuzzy weighted averaging operators, Fuzzy ordered weighted aggregation operators.
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1. Introduction

Aggregation process is the collection of units or collection of uncertain values that are combined into a
single value. OWA (ordered weighted averaging) operator family was invented by Ronald R. Yager, they
have allowed us to model linguistically expressed aggregation instruction. It renders parameterized family
of mean operators like minimum, maximum, arithmetic average, and median. It is very useful for
representing pragmatic approaches to fuzzy environmental problems. There are many authors who
recently developed same formulation in wide range of applications [18,20-26]. In real life, there are
instances when information can’t be evaluated with precise fuzzy numbers, and it is essential to employ
an alternative method to describe the data with a high degree of ambiguity.

Merigo and Casanovas [5,6] presented a generalized fuzzy OWA operator along with its use in making
strategic decisions as well as another method is probabilistic decision- making using OWA operator which
applies the investment management strategy to find out the best result. S. Chen et al. [7, 15] presented a
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novel approach for managing MCDM (multi-criteria decision-making) problems employing an induced
OWA operator. Yuan et al. [18] introduced an FWA (fuzzy weighted average) utilizing a generalized
means function. Johnson et al. [9] introduced an aggregation of PFNs with an OWA operator anchored in
VIKOR.

This study aims to build a novel class of fuzzy aggregation operators for pentagonal fuzzy numbers
utilizing t-norm and t-conorm aggregation operators. This paper is extended to the fuzzy triangular
aggregation operators [1] with normalized fuzzy numbers and [28] generalized trapezoidal fuzzy numbers
and interval-valued trapezoidal fuzzy numbers with aggregation operator.

The main benefit of this paper, the PFN, is its ability to assess uncertain data in a more comprehensive
way by showing both the best and worst cases as well as the possibility of interval values; it also includes
a wide range of fuzzy aggregation operators, such as FA (fuzzy average), FWA, and FOWA, using t-norm
and t-conorm in pseudo-arithmetic operations.

This work has been structured as given: Section 2 succinctly presents fundamental concepts and
definitions. Section 3 delineated new characteristics of aggregation operators in PFNs. Section 4 presents
proposed fuzzy aggregation operators in PFNs. A numerical example is shown in Section 5, demonstrating
application of new car selection technique. Conclusion of this paper is given in Section 6.

2. Preliminaries

2.1 Fuzzy Numbers: This section covers the FNs, PFNs, GRPFNSs, t-norm, t-conorm, arithmetic
operations on PFNs, and ranking function of PFNs. Zadeh first proposed the notations for fuzzy numbers.
Since then, several authors, including Dubois and Prade [21], have researched and utilized it. The key
advantage is that it offers the comprehensive method for determining the exact decision among the
possible interval values that may occur.

Definition 1: A fuzzy set 4 on the real numbers R, which satisfy at least the following the three properties
are called a fuzzy number [12].

(i)  pz(x) is piecewise continuous.
(ii) A must be a normal fuzzy set.
(iii) az must be closed interval for every a € (0,1].

Definition 2: The intersection of two fuzzy sets A and B is specified by a function ¢t: [0,1] x [0,1] = [0,1],
if it is satisfying the following conditions [12]:

1. t(0,0)=0;t(uz(x),1) = t(l,ug(x)) = uz(x), xeX. (Boundary)

2. if wi(0) S ue() and pp(@) < pp()  then (a0, up(®)) < t( pe(@), 15 ().
(Monotonicity)

3. t(,ug (%), ug (x)) = t(yg (%), uz (x)). (Commutativity)
4.t (uaC0), t(ua(0), ue(0) ) = £ (t(uax), s (), e (x) ). (Associativity)

Definition 3: A fuzzy set A, = (py, q1, 71,51, uy) is defined on the universal set of real numbers % , is

said to be a pentagonal fuzzy number (PFN) if its membership function has the following characteristics
[11]:
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Loug, 97 —[0,1] is continuous.

2. ua, (x) =0 forallx € (—oo, p;] U [uy, ).

3. 44, (x) is strictly increasing on [p1,q1], [q1,71] and strictly decreasing on
[71,851] [ 51, uq].

4, ugp(x) =1 forall x € p3, where p; < q; <11 <51 <Uy.

The membership function for the pentagonal fuzzy number is given by

( 0, x<p

:1__211 , ¢1<x<mn

Mz, (x) = | 1, x=n )
5511__:; , n<x< s
% , S1<x< u

\ 0, x> u

Definition 4: The GRPFNs /Tp = (my,n4,01,P1,q1;5)is a fuzzy subset of real line R, where

my, N4, 01, P1, 1 are real numbers with 0 < s < 1. Then the generalized regular pentagonal fuzzy number
and its membership function is defined as [17];

X—m
S (—1) p m1 S X S n1
ni—my

1—(1—5)(x_n1) ; np<x<o;

01—Nq
ugp(x) = 9 1 ; X =04 (2)
1-(1-5)(2Z); o<x<p

P1—01
q1—X
s(—) ; <x<
qd1—P1 P1 T
\ 0 ; x=2q

2.2 Arithmetic Operations: We present fundamental arithmetic and ranking function based on PFNs in
the interval [0, 1].

2.2.1 Arithmetic operations on PFNs: Assume that there are two PFNSs, Ap = (p1,91, 71,51, U1) and
Ep = (p,, 92,11, Sy, Uy) and the arithmetic operations are defined as [11],

(i) Addition: Ay, + By =(p1 + P2 q1+qa 11+ 12 S1+S5 U + ).
(ii) Subtraction: A, — B, = (p1 — P2, 1 — G2, 71 — T2, S1 — Sz, Uy — Uy). 3)

(iii)Multiplication: A, * B, = (p; * Dy, G1 * qa, 11 *Ta, S1 %Sz, Uy * Uy).

2.2.2 Ranking Function: The ranking function of the generalized regular pentagonal fuzzy number 4, =
(my,n4,01,P1,91; S) is defined by [17]
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R(4p) = J»’EEW? 4)

q1%+12p1%4+90,%-2n1%—my n1—914 01901 P1—P1q1 S[q1+11p1—11n4-m4] )
6q,+18 p;—18 11 —6m4 "6q,+18p—18n,—6m,

Where (X5, ¥5) = (

For any two generalized regular pentagonal fuzzy numbers Ap = (my,n4,04,01,91;S) and Ep =
(m,, ny, 04,02, q2; S) should satisfies the following three conditions, if

(D) R(4,) > R(B,) then 4, > B,.

(2) R(4,) < R(B,) then 4, < B,.

3) R(Ap) ~ R(Ep) then /Ip ~ Ep.
3 Proposed Method
3.1 Pseudo-arithmetic operations on PFNs: Assume that there are two PFNs, Ap = (p1,91, 71,51, U1)
and B, = (p2,q2, 11,52, u) , With 0< p; < ¢; < 1, < s; <w; for each i =1,2. That is, 4,,B, €
P(R), where R is a set of fuzzy subsets of positive real numbers and  is the pseudo fuzzy set. The
pseudo-arithmetic operations {@®, ©} between A'p and L?p are defined as follows [4,15,16,19]:

() Ap@gp =§p @Ap =(p1+D2 q1+qz 11 +712 S1+S, U+ Uy)
(i) Ap © B, = B, © A4y = (01-D2) 91-92) T1-T2, S1-Sz, Up-Uy) Q)
(l“) Ap @/1 = /1 @ Ap = (A'ﬁll A'qli /1.7‘1, A.Sl, /1.111), Wlthl 2 O.

3.2 Key Attributes of Fuzzy Aggregation Operators on PFNs: This segment we proposed the
characteristics of pentagonal fuzzy aggregation operator inside a fuzzy context.
In defining the properties of fuzzy aggregation operators, we utilized the Gédel implication. Fuzzy
aggregation operators are often defined as function F : @(R)™ - @(R), with n > 2 is a natural number.
Principal mathematical features of those operators [20] are delineated as given:
1. Boundary conditions: Assume that, for F : £([0,1])™ = ([0,1]) defined as
F(0,...,00=0and F(1,...,1) = 1. (6)
2. Monotonicity: For F : §([0,1])™ — #([0,1]) is a monotonicity of a function of i variables defined as
a;<b,=a, <by,..a,<b, = F(@,...,a,) <F(by,...,b,),Yi€n]. (7)
That is, ' is monotonic increasing in all its arguments.
3. Continuity: F is continuous if and only if it is a component-wise continuous operator. That is, F: R™ —
Ris continuous.
Proof: Assume that, for F : ©([0,1])" — #([0,1]) is continuous aggregation operator.
& Iffor all i € [0,1] the operator F : §([0,1])™ - £([0,1]) is continuous.
& Thatis, if forall @,,..., @, € [0,1]V (1) je - --» (@nj) jew € [0,1]™: }L@O(aij) = a;.

& Fori=1,...,nthen lim F(ay;,...,a,) = F(@,...,a,).
j—oo
Hence F is continuous component-wise continuous operator.
4. Commutativity: For F : @([0,1])™ — £([0,1]) is called a commutativity of a function is defined as

= ifforalln e R,vd,,...,a, € [0,1]
= F(ay,...,a,) = F(agy,..., o)V 0 = (6(1),...,0(n) )permutation on [n] (8)

AIJFR26057844 Volume 7, Issue 5 (September-October 2026) 4


http://www.aijfr.com/

Advanced International Journal for Research (AlJFR)
E-ISSN: 3048-7641 e Website: www.aijffrcom e Email: editor@aijfr.com

5. Associativity: For F : §([0,1])™ — £([0,1]) is called an associativity of a function is defined as
= ifforalln,m,0 € R, foralln> 2, Vdy,...,dy, by,..., by, €4,...,¢, € [0,1]
= F(ay,..., a4y by, ..., by, &,...,6) = F (F(@y,...,a,),F(by,...,by), F(Ey,...,6,)) (9)
= F((@y,...,@8n), F (by, .., by, €1,...,8,)) = F (F(@y,...,8n by, ..., b)) , (€1, -, ).

6. Idempotency: An element i € [0,1] is called F idempotent element is defined as
= whenever F (ii,...,1) = ii for all n € R™.
= Thatis, F (ii,..., 1) = 1. (10)

7. Bounded: For F : §([0,1])™ — $([0,1]) is bounded then

(i) t-norm if for every d,,, € £([0,1])™, F(d(n)) is bounded by the minimum function.
F(awy) < min(@y,)) = min(@y, ..., a,) .

(ii) t-conorm if for every @,y € $£([0,1D)™, F(Ei(n)) is bounded by the maximum function.
F(aw)) < max(dpy) = max(dy, ..., d,).

(iii) Average whenever for all d,,, € $([0,1])™ we have,

minimum (d,,...,d,) < F (4,...,d,) < maximum (d,,...,d,) (12)

Remark 1: Note that axioms F1 and F2 are the two essential characteristics of universal fuzzy aggregating
operators.

Example: Let us consider three PFNs A, = (1,2,3,4,5), B, =(7,8,9,10,11) and C, = (0,1,2,3,4)
To deal with the properties of the above aggregation operator.
Solution:
1. Boundary conditions: Let A, =(1,234,5), B, =(7,8910,11) and C, =(0,1,23,4)
representing approximate range for PFNs,

r 0, ax<l1 r 0, b<7
05, 1<a<?2 05, 7<bhb<8
1, 2<a<3 1, 8<hb<9
pi(@=49 1, a=3  Hg, (X) = S 1, b= ,
05, 3<a< 4 05, 9<bh<10
0, 4<ac<5 0, 10<bhb<11
.\ 0, a>5 \ 0, b>11
r 0, «¢<0

,Llc”p(X)=< 1, c=2

2. Monotonicity: Let 4, = (1,2,3,45), B, =(7,89,10,11) and C, = (0,1,2,3,4) representing
approximate ramp on PFNs,
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increasing ramp on [1,2,3], at0<05<1
ui (@) = core on [2,3,4], at a=1
Ap Decresing ramp on [3,4,5],at1 = 0.5>0
increasing ramp on [7,8,9], at0 < 05<1
coreon [8,9,10], at a=1

 (x) =
MB”( ) Decresing ramp on [9,10,11],at 1 > 0.5>0
increasing ramp on [0,1,2], at0<05<1
pe (x) = core on [1,2,3], at a=1
Cp Decresing ramp on [2,3,4],at 1 > 0.5 >0

3. Continuity: Let 4, =(1,234,5), B, =(7,8910,11) and C, =(0,1,2,3,4) representing
continuous for PFNs,

( 0, ax<1 ( 0, b7
a—1, 1<a<?2 b—7, 7<b<8
a—2, 2<a<3 b—8, 8<h<9
ugp(a)=< 1, a=3 ,,ugp(x)=< 1, b=9 ,
4—a, 3<a< 4 10—-b , 9<bh<10
5—a, 4<a<5 11-b, 10<hb<11
\ 0, a>>5 \ 0, b>11

r 0, ¢c<O0
c—0, 0c<1
c—1,1<c<?2
pe,(x) =4 1, c=2
3—¢c, 2<c< 3
4—c, 35c< 4
\ 0, c> 4

4. Commutativity: Let A, = (1,2,3,4,5), B, = (7,8,9,10,11) representing the addition of PFNs.
Then commutativity A, + B, = B, + 4,,.
LHS = A, + B, = (8,10,12,14,16)
RHS= B, + 4, = (8,10,12,14,16)
~A,+B, =B, +A4,.
Let A, = (1,2,3,4,5), B, = (7,8,9,10,11) representing the multiplication of PFNs.
Then commutativity A, * B, = By, * A,,.
LH.S = 4, « B, = (7,16,27,40,55)
RH.S = B, * 4, = (7,16,27,40,55)
~Ay*B,=B,*A,

Hence A, and B, is commutativity.

5. Associativity: Let 4, = (1,2,3,4,5), B, = (7,8,9,10,11) and C, = (0,1,2,3,4) representing the
addition of PFNSs.
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Then associativity (4, + B,) + C, = 4, + (B, + ;).
LHS = (4, + B,) + C, = (8,11,14,17,20)
RHS= A4, + (B, + C,) = (811,14,17,20)
~ (A, +B,)+ C, =4, + (B, + Cp).
Let A, = (1,2,3,4,5), B, = (7,8,9,10,11) and C,, = (0,1,2,3,4) representing the multiplication of
PFNs.
Then associativity (4, = B,) x C, = 4, * (B, * C,).
LH.S = (4, B,) * C, = (0,16,54,120,220)
RH.S= 4, * (B, * C,) = (0,16,54,120,220)
w (Ap x By) * Gy = Ay (By + Cy).

Hence /Ip, Ep and C’p is commutativity for n > 2.

6. Idempotency: Let A, = (1,2,3,4,5), B, = (7,8,9,10,11) and C,, = (0,1,2,3,4)
(i) max (4,, A,)=min (4,,4,) = 4, = (1,2,3,4,5).
(i)  max (B,, B,)=min (B, By) = B, = (7,8,9,10,11).
(iii)  max (C,, Cy)=min (C,,C,) = C, = (0,1,2,3,4)).

7. Bounded: Here A, Byand C, bounded, if 1 <2<3<4<57<8<9<10<1land0<
1<2<3<4.
Q) The support is (1,5),(7,11) and (0,4) meaning any a, b, ¢ outside this range has a
membership grade of 0.
(i) Foranya = 3,b =9 and c = 2, the membership grade is exactly 1.

(iii)  Slope:
leftrampon[1,2,3],at1<0.5<3
#Ap(a) - right ramp on [3,4,5],at 1 > 0.5 >0
leftrampon[7,89],at0<05<1
#Ap(a) - right ramp on [9,10,11],at 1 = 0.5>0
leftrampon[0,1,2],at0<05<1
#Ap(a) - right ramp on [2,3,4],at1 > 0.5>0

3.3 Some Fundamental Concept of Fuzzy Aggregation Operators in PFNs

In the following, a vector s = (sy,...,s,) is called a weighting vector if s; € [0,1],V j € [n] = {1,...,n},

and Y%_;s; = 1. Furthermore, in our demonstration deals with @ = (@,,...,d,) € PRI, a; =

(m;,n, 05, p;,4;)-

3.3.1 Fuzzy Weighted Averaging Operator (FWA)

FWA technique was introduced by Dong and Wong [27].
When precise fuzzy numbers cannot be assessed with exact values, alternative methodologies for fuzzy
numbers must be utilized.
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Definition 5: Fuzzy weighted averaging operator of n dimension is mapping F : @(RT)" - @(RH), if
there is a weighting vector s = (sy,...,sy) such that s; € [0,1] and Y7, s; = 1 then,
FWA (@,,...,a,) = ®jem(s;0 @)

n n n n
(2 LDREDREOREDORE

j=1 j=1 j=1 j=1
= (WA(ml, coo,my), WA (ng,...,n,), WA(O1 v 00), WA, ..., 00), WA(q4, ..., qn)).
(12)
where @ and © operations are defined by the pseudo arithmetic operations.
Remark 2: It’s simple to observe that the WA operator is extended by the FWA operator. If s; =5 =

%,Vj € [n] then the FWA is reduced to the FAA operator, and the WA is reduced to the arithmetic
averaging operator.
That is, AA(dy,...,d,) = 55. & = FAA(dy,...,8,) = Ojepn (s © ).
Remark 3: The standard weighted averaging operators are not associative, but here we are using the basic
logical operators, such as strict minimum (min) and strict maximum (max) conditions, which are
associative. This ensures that the PFNs satisfy the associativity property. We can state the following results
are based on [6].
Theorem 1: The fuzzy weighted averaging operator should satisfy properties of axiom 1, 2, 3, 4, 5 if all
s; = s, axiom 6 and 7.
Proof: Let us consider, (d,...,ay), (by,...,b,) € P(RT)™ and let s; = (sy,...,s,) be a weighting
vector.
1. Boundary conditions:
FWA (0,...,0) = @ e (50 0) = 0+...40 = 0,
FWA (1,...,1) = @jepn) (50 1) =37, 55 = (13)
2. Monotonicity: Let @; < j, V j € [n].
d; < b; = 5;08; < 5;0b;
= (5;0d;) @ (5;08;) < (s;®b;) ® (s;0b;) (14)
= Djemn) (50 @) < Djem(s;O b))
= FWA (@y,...,8,) <FWA (by,...,b,).
3. Continuity:
According to Definition 5, if a weighted averaging operator is continuous, then the FWA operato
r is also continuous.

4. Commutativity: Let F(@g(1), ..., dg(n)) be a permutation of (dy, ..., @,).
In generally, FWA (@y,...,a,) #FWA(dgq), ..., dgm))-
However, if s =s= %,v jen] then FWA(dger) .- Gom)) = Djern (57 @ dg(jy)
= (5@ don)) B (5; O doz)) D .- D (57 © dom)
= (5 @ dom)) @ (57 © Ggn-1) @ .. (57 © don)) (15)
=...=FWA (d,,...,a,).
5. Associativity: Let @,...,dp, by,..., b, €4,..., ¢, € [0,1].
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1 . ~ T o~ ~ T o~
If Spi=8= ;,V] € [Tl] then FWA(a],b], C]) = @16[11] (S] © (Clj, b], C]))
Let [st)(dj @ Ej)] @ (5;0¢) = (5;04d,) b [sj(Ej @ ¢;)] for all [0,1].
(5,08 @ 5,0b)] © (5,08) = (5; &) ® [(s; Ob;) & (57 © )] (16)
Djem (5 © (@;,b;,€)) =FWA (@y,...,8n, b, Dy 4, ..., &),
6. ldempotency: Assume that @; = p = (my,ny,04,p1,q1) Vj € [n].
Then FWA (p,...,p) = GBje[n](Sj@ D)
= (Z’};l Sj My, N7=1Sj M1, X j=15j 01, Xj=15j - P1s X j=15 .ql) a7
= (m1;n1, 01) pl! ql) = ﬁ B
7. Bounded: Suppose minimum (&, ..., @,) = d and maximum (@, ...,d,) = a.
Then, FWA (dl,. . dn) = @je[n](SjG) d]) = @]E[n](S]G)E) = g : (21}=1 Sj) = Q,
FWA (dy,...,d,) = Bjem (5O G;) < Bjem(si©a) <a- (2?:1 sp) < a. (18)
~minimum (@,...,a,) <FWA (@,,...,d,) < maximum (d,...,a,). (19)

3.3.2 Fuzzy Ordered Weighted Averaging Operator
Ronald R.Y. invented a form of operator known as an OWA operator. In many cases where making
decisions includes ambiguity and imprecision, the OWA operators are quite helpful. According to S.J.
Chen et al. and Ulrich Florian Simo et al. [7,1], this formulation of the OWA operator is generated. In
order to determine precise fuzzy numbers, following methods are employed.
Definition 6: FOWA (fuzzy ordered weighted averaging operator) of n dimension is mapping F :
PR - p(RT), if there is a weighting vector s = (sy,...,s,) such that s; € [0,1] and ¥7_;5; = 1
then,
FOWA (C~l1, ey dn) = ®j€[n] (Sj@ d(j)) (20)

where @ and © operations are defined by the pseudo arithmetic operations, () is a permutation on [n]
suchthat diy <...< Q.
Remark 4: The OWA operator is extended by the FOWA operator. Hence

e Ifs=(1,0,...,0) then FOWA = @y (fuzzy minimum).

e Ifs=(0,0,...,1) then FOWA =d4 (fuzzy maximum).

e Ifs;=s= %,Vj € [n], then FOWA = Fuzzy arithmetic averaging operator.

e FOWA = FWA that implies the ranking of {@;, j € [n]} = the ranking of {d;),j € [n]}.
Theorem 2: FOWA operator should satisfy properties of axiom 1, 2, 3, 4, 5if all s; = s, axiom 6 and 7.
Proof: The properties of axiom 1, 2, 3, 5, 6 and 7 results are similar to Theorem 1.

4. Commutativity: Let F(dg(y), ..., g ) be a permutation of (&, ..., @)

FOWA (@y,...,an) = ®jem)(5j® d(j), d(jy J™ largest value of {a;,j € [n]}, (21)

FOWA (8g(1),---» o)) = Djen) (s © dgejy), pgjy i largest value of {dg ), j € [n]}.

Since (dg(1y,---, do(ny) is @ permutation of (ay,...,d,), we have dg;) = dg;, ¥ j € [n].

Hence, FOWA (@, ..., d,) = FOWA(dsy, .-, do(m))- (22)
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4. The Fuzzy t- norm Aggregation Operators in PFNs

We provide a novel approach in this section for building fuzzy aggregation operators using t-norms and t-
conorms. Fuzzy t-norm aggregation operators in PFNs are name of this new family of aggregation
operators that can handle cases when values are to be aggregated. p = (m, n, o, p, q) have been expressed
as normalized fuzzy numbers (NFNs). The operational laws on NFNs can be based on t-norms and t-
conorms that may be introduced in [14,20,22]. New class of aggregation operators, described as t-norm
and t-conorm, is a commonly used set of logical connectives, which are the fuzzy extensions of AND &
OR. Instead of in the interval {0,1}, valuation set is specified in interval [0,1].

Fuzzy Intersections (t-norm) in PFNs: The intersection of two pentagonal fuzzy sets A, and B, is
specified by a function Tp: [0,1] x [0,1] — [0,1] is called an aggregation operator in t-norms such that for
all my,n4, 04,01, 91 € [0,1] and if it satisfies following properties:

L 6000)=0; ¢, (uz, (0),1) =1, (1,,%(@) = uz, (), x € X (Boundary)
2. ifmy <04, 00 <py, p1 £ g and g, < ny then

tp(my,ny) < t,(my,01) +t,(01,01) + t,(P1,91) + t,(qq1,my) forall my,ny, 04,4, q; € Xand
for all distinct points 1, s, u; € X — {p1, q1}. [13] (Monotonicity)

3.ty (13,00, 18,00 = & (5, (1), 5, (1)) (Commutativity)

4 ¢, <ug,, ().t (s, (0, (x))) =t (tp (14,00, 15, <x>> (Assocativity)

Fuzzy Unions (t-conorm) in PFNs: The union of two pentagonal fuzzy sets /Tp and Ep is specified by a
function Sp:[0,1] x [0,1] — [0,1] is called an aggregation operator in t-conorms or s- norm, which as the
same properties as t — norm, unless the boundary condition is satisfies as follows,
Sp (LD = 1; 85 (4,,0) = Sp (0. 4,) = s, x € X.

Some Classes of Fuzzy t-norms and t-conorms in PFNs: EXisting t-norm and t-conorm operator families
are of several significance, both parameterized and non-parameterized. Families of the t-norm that are
parameterized are represented by ® while the families of t-conorm that are non-parameterized are
represented by @. These sources [5,6,17,27] are utilized to present the example.

1. Op(ua,(x), ug,(x)) = maximum(0, ugz, (x) + ug,(x) — 1);
D5 (,ugp (%), Mz, (x)) = minimum (1, i, (x) + Mg, (x)). (Bounded difference)
2. Oapa,(x), upg,(x)) = pa,(x) - ug,(x);
Da(pa, (), uz,(x)) = pa,(x) +pg, (x) — pa,(x) - pp, (x). (Algebraic product and sum or
Probabilistic theory)
ua,(x), if ug,(x) =1
3. Op(ua,(®), s, () =4 H5,(0, If pz,(x) =1
0, if ua,(x),uz,(x) <1
i, (x), if pp,(x) =0
®p (ua, (%), u5,(x)) = Hz, (x), if na,(x) =0  (Drastic method)
L if ua, (0, ps, (x) > 1
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Definition 7: Let § = (s1,52,53,54,55) and p = (m,n,0,p,q) be two normalized pentagonal fuzzy
numbers (NPFNSs). Then t-norm and t-conorm are defined as,
§®P = (5:Om, 5,0n,s3P0, s,Pp, s5Dq)
§OP = (s:0m, 5,0n,5300, 5,0p, s50q) (23)
ﬁ§ — (m51’n52’ 053,[)54,6155)
Definition 8: The weighting vector is associated with t-conorm () and its defined as, a vector s =
(s1,...,Sy) such that s; € [0,1] if and only if the equality (E) is defined by equation.
(E):s:60...0s,=1 (24)
Remark 5:
o If =P, then(E) & Z’}=1Sj =>1;
e If ®=@,, then (E) = [1}-,(1—-5;) =0;
e If ®=p,then (E) & Vjepys; = 1.
We directly present normalized pentagonal fuzzy numbers in this work, which is the process of utilizing
certain authors' suggested ways to transform these fuzzy weights into the exact fuzzy numbers.

4.1 The Pentagonal Fuzzy t-norm Weighted Arithmetic Operator: When there is uncertainty in the
information supplied and other methods, like PFNs, must be used, the pentagonal fuzzy t-norm weighted
arithmetic operator is a continuation of the triangular weighted average operator (see Remark 6 below).
The primary benefit is in its consideration of both the highest and lowest outcomes that could arise in an
uncertain setting, as well as potential interval values are defined as follows;
Definition 9: PFtWA (pentagonal fuzzy t-norm weighted arithmetic) operator is associated with function
PFtWA: $([0,1]D™ — $([0,1]), such that
PFWA (@y,...,0,) = ®jem(s;0 d¢j))
= (®jerm (5 M) . Bjepn (5-17) . Bjein) (507, Bjefmy (55-9;) » Djern) (5-a))  (25)
:(tWA(ml, coo,my), tWA (nyg,...,n,), tWA(0,,...,0,), tWA(p,,...,0n), tWA(qy, . ..,qn))
where @ is a t-conorm, © is a t-norm and (s, ..., S,) IS @ weighting vector associated with @.
Remark 6: PFtWA (pentagonal fuzzy t-norm weighted arithmetic) operator renders family of aggregating
operators with parameters that encompass tWA (t-norm weighted arithmetic) and FWA operators among
others.
Proof: When @ = a, we get PFIWA = tWA.
Let ® € {Bp, D4, Bp}and © € {Og, Oy, Op}, we have
1.® = Ggand © = Op:
PFtWA (dy,...,d,) = (min[1, X7, (0 v (s; + m; — D)]),...,
(min [1, Z;’zl(O V(si+q;—1D)]) (26)
2.0 =@gand © = Oy4:
PRIWA (d,...,d,) = (Z}lzl Sj .My, X i=1Sj M, X121 5. 0j, Xj=15j -Dj» 2j=1 5 - q]-)
=(WA(m1, oMy, WA (nq,...,n,),WA(01,...,0,), WA(p1,...,0n), WA(q4,..., qn))
= FWA (@y,...,a,). (27)
3.0 =@gand ®© = Op:
Y1 s Amy XS A 1y, N8 A0, X S5 A Pﬁ)

28
Z?=1Sj/\CIj (28)

PFtWA (dy,...,a,) = <
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4@ =®Aand®=®B:
PROWA (ay,..., @) = (1= [T}s[1 = (0V (5, +m; = 1))],...,

1=} =0V (s;+q; — D)] (29)
50 =@ and © = Oy:
PRWA (ay,...,8,) = (1 = [T}4[1 = (55 - my)],..., 1 = TT}=4[1 = (55 - @) (30)
6.0 =@ and © = Op:
PRWA (dy,...,8,) = (1 = [[}o1(1 —s;Amy) .., 1 = 171 (1 = 557 q))) (31)

7.® =®pand © = Op:
8.0 =®pand © = Oy :
PRIWA (dy, ..., @) = (er[n] (5 - my), Vet (5j - 1) Viem (5501, Viermi(s; -p,-),>
Viem(s; - a;)
(33)
9.0 =®pand © = Op:
Vjemi(5i A1), Vjemy (5j A1), Vjem (5 A 0)), Ve (s A pj) )

PRWA(@, ..., d,) =
@ 2 < Viem(si A q;)

= (W max(my,...,m,), W max(ny,...,n,), W max(o,,...,0,),
W max(py,...,0n) , Wmax (qq,...,qn))
=FW (dy,...,a,). (34)

Theorem 3: PFtWA operator satisfies the properties axioms 1, 2, 3, 4, 5ifall s; = s, 6, 7 ifand only if ©
is restrictively distributive over @.
Proof: Let (dy,...,d,), (by,...,b,) be the two pentagonal fuzzy numbers and let (sy,...,s,) be a
weighting vector (definition 8).
1. Boundary conditions:
PFtWA (0, ...,0) = @ (s;0 0) =0,
PRWA (1,...,1) = ®jem(s;01) = 1. (35)
2. Monotonicity: Let us assume that a; < Ej, Vj € [n]
aj<b =500 < s5;0b;
= (5;0d) ® (s:0d;) < (s;0 b)) ® (s;0 by) (36)
= Oein)(5/0 &) < e[ (5,0 by)
Therefore, PFtWA (dy, ..., @,) <PFtWA (by,...,b,),V j € [n].
3. Continuity: PFtWA is continuous because it is component-wise continuous.
4. Commutativity: Let (@gcyy, ..., dgeny) be a permutation of (dy, ..., @,).
In generally, PFtWA (@, ..., d,) # PFWA(dgqy---, o))
However, if s;=s=-,vje[n] then FWA(dsq) ..., doem) = Bjem (s O do(y))

= (s Q) ® (sQ o) ® ... O (s © Ggmy) (37)

= (s O Ggm)) B (s © Ggn-1)) © .- B (s © Gg(n))
=...= PFtWA (@, ..., d,).
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5. Associativity: Let dy,..., 8y, by,..., b, E1,..., & € [0,1].

If sj=s= %,v j €[n] then FWA(d;,b;, &) = @jem (s © (@, b;,€)))
[(s5;08; @ s;0b)] ® (s;06) = (s; @) ® [(s; ©b;) D (s; ©)] (38)

@jemn (s5; © (d;,b;,6)) = PRWA (@y, ..., 8p, by, ..., Dy, 4, ..., E5).

6. ldempotency: Assume that © is restrictively distributive over @.
Then PFtWA (B,...,p) = D e (s;© D)
= (5:0P) © (520p) ©... (5,0 D)
=(5,D...Ps)OP=10p
= p.
7. Bounded: Assume that ® is restrictively distributive over @.
Suppose minimum (&, ..., d,) = d and maximum (@, ..., a,) = @ . Then the lower

case,
a<d =s04as 504 0)
ad<d;, =s50a< 5;,0ada; (i)
()-(il) = (5,00 @ (5:0D) < (50 ;) @ (s:0 ;) (39)

= Djem(5;0 ) < Bjem (5,0 d;)
= (5, D....» s,)Oad <PFIWA (dy,...,a,)
= @ < PFtWA (@y,...,ap).
Similarly, the way to prove that the upper case that is, PFtWA (dg, ..., d,) < a.
Therefore, minimum (@,,...,d,) < PFtWA (d,,...,d,) < maximum (d,,...,d,) (40)

4.2 The Pentagonal Fuzzy t-norm Ordered Weighted Arithmetic Operator: When there is uncertainty
in the information supplied and other methods, like PFNs, must be used, PFIOWA (pentagonal fuzzy t-
norm ordered weighted arithmetic operator) is a continuation of triangular ordered weighted average
operator (see Remark 7 below) defined as follows;
Definition 10: PFtOWA (pentagonal fuzzy t-norm ordered weighted arithmetic) operator is associated
with function PFtOWA: %([0,1])™ — &([0,1]), such that
PFtOWA (@y,...,8,) = ®jem) (i@ d(jy) (41)

where @ is a t-conorm, © is a t-norm and (s, ..., S,) IS a weighting vector associated with @ and (-)
is a permutation on [n] such that (aq), ..., @m))-
Remark 7: PFtOWA operator renders family of aggregating operators with parameters that encompass
tWA and FOWA operators among others.
Proof: This resembles the proof discussed in Remark 6.
Theorem 4: PFtOWA operator satisfies the properties of axioms 1, 2, 3, 4, 5 if all s; = s, axiom 6, 7 if
and only if © is restrictively distributive over @.
Proof: Similar to Theorem 3, axioms 1, 2, 3, 5, 6, and 7 have been completed.

4. Commutativity:
Let (@gc1),---, dg(ny) e @ permutation of (ay, ..., @,).
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PFOWA (dy,...,8n) = ®jeni(5j® d(jy). d(jy j™ largest value of {a;, j € [n]}, (42)
PFtOWA(Gg(1), -+, Boem)) = Djepms (5 © @gj)), dp(jy I largest value of {d@g(;y,j € [n]}.
Since (dg(1), .- -, @(ny) is @ permutation of (&y,...,d,), we have &gy = g,V j € [n].

PFtOWA (dy, ..., @,) = PFIOWA (dgq1), ---, Gom))- (43)

5. Numerical Example: (Strategies for selecting student achievement based on a five-subject academic
report) The averaging operator PFtWA is used to evaluate the students' academic achievement based on
their final course grades.

Step-1: Let us consider five alternatives and five criteria, such as follows: Topper 1, Topper 2, Topper 3,
Topper 4, Topper 5 and Subject 1, Subject 2, Subject 3, Subject 4, Subject 5. Let us suppose that 5 students
are evaluated based on their final marks, which are calculated from 0 to 100, in 5 different subjects, and
their linguistic scale values are shown in Table 1, where

(1) u =90 is the highest membership value 1.
(if) u = 60 is the average membership value 0.5.
(i) = 30 is the lowest membership value 0.

Table 1: Student evaluation in linguistic values.

Alternatives | Subject 1 | Subject 2 | Subject 3 | Subject 4 | Subject 5
Topper 1 0.5 0.5 1 1 0.5
Topper 2 0.5 1 1 0.5 0.5
Topper 3 0.5 0.5 0.5 1 0.5
Topper 4 0.5 0.5 0.5 0.5 0.5
Topper 5 1 1 0.5 0.5 0.5

Step-2: Decision expert assigns a weighting vector sz = (0.1,0.2,0.3,0.2,0.2), which represents
significance of each expert analysis.

Table 2: Student evaluation by FWAAO.

Alternatives | Subject | Subject | Subject | Subject | Subject | FWAAO
1 2 3 4 5

Topper 1 0.05 0.1 0.3 0.2 0.1 0.75

Topper 2 0.05 0.2 0.3 0.1 0.1 0.75

Topper 3 0.05 0.1 0.15 0.2 0.1 0,6

Topper 4 0.05 0.1 0.15 0.1 0.1 0.5

Topper 5 0.1 0.2 0.15 0.1 0.1 0.65

According to Table 2, Topper 1 and Topper 2 have the equal best performance among all 5 students.
Here FWAAO does not provide the best score values directly. Our proposed method is to rectify these
issues, and the results are shown in Table 3.

Step-3: Decision expert assigns a weighting vector from criteria-wise s = (0.1,0.2,0.3,0.3,0.1). Then,
we can aggregate results obtained from some particular cases of PFtWA in Remark 6 (see Table 3). Note
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that, s indicates the t-conorm is @z. By Table 3, it is easy to see that the system must be able to select
the best strategy based on fuzzy overall top performance.
Table 3: Fuzzy Scores Values for each Strategy

Topper 1l | Topper2 | Topper3 | Topper4 | Topper5
©5, Op 0 0 0 0 0
®p, ©, |0.06 0.13 0.19 0.14 0.1
@5 O©p |03 0.6 0.7 0.6 0.5

Step-4: Establishing the ranking options is the last step in the aggregate process. One way to achieve this
Is to rank strategies based on their overall best performance score. As we can see, the ordering tactics vary
based on the aggregation operator and ranking technique employed, and the outcomes may result in
different choices. The complete PFNs from Table 3 are shown in Table 4. Calculating the ranking
strategies is a simple process. A novel centroid approach for GRPFNs is derived from the ranking order
[17] and can be used to select the best one in Table 5.
Table 4: Pentagonal Fuzzy Scores Values for each Strategy

Topper 1 Topper 2 Topper 3 Topper 4 Topper 5

®g @, | (0.04,0.050.0 | (0.11,0.12,0.1 | (0.17,0.18,0.1 | (0.12,0.13,0.1 | (0.08,0.09,0.1
6,0.07,0.08) |3,0.14,0.15) |9,0.20,0.21) |4,0.15,0.16) |0,0.11,0.12)
®p Op | (0.1,0.2,0.3,0. | (0.4,0.5,0.6,0. | (0.5,0.6,0.7,0. | (0.4,0.5,0.6,0. | (0.3,0.4,0.5,0.
4,0.5) 7,0.8) 8,0.9) 7,0.8) 6,0.7)

Table 5: Ranking Strategies
D5, Op Topper 1= Topper 2= Topper 3= Topper 4= Topper 5
T ON Topper 5< Topper 2< Topper 4< Topper 3< Topper 1
@5, Op Topper 1< Topper 5< Topper 4= Topper 2< Topper 3

6. Conclusion:

We have presented a novel category of pentagonal aggregation operators with t-norm. Aggregation
operator employs ambiguous information as PFNs. It is particularly helpful in scenarios with fuzzy
environments where decision-makers can evaluate information using FNs but cannot evaluate it using
precise numbers or singletons. Their construction method depends on t-norm and t-conorm, pseudo
arithmetic operations, and we are giving other specialties of three classes of fuzzy t-norm and t-conorms,
such as bounded difference or Lucasiewicz, algebraic product or probabilistic, and Drastic
method. Furthermore, we get a result for PFtWA and PFtOWA. We have proved the multi-criteria
decision-making problem concerning the best student performance selection strategies based on an overall
academic report, utilizing a specific aggregation operator, with results potentially varying among decision-
makers. The main advantages of this paper are the weighted average of the aggregation operator, which
deals with the many wide-range situations and fuzzy risk analysis.
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